ABSTRACT. In the Heisenberg group H n , let D be a disk centered at the origin in the hyperplane t = 0, and C the vertical cylinder over D. Then any finite perimeter set E such that D ⊂ E ⊂ C has more perimeter than the rotationally symmetric sphere with constant mean curvature of the same volume. If the boundary of E is locally lipschitz in Euclidean sense, or an H-regular hypersurface, then equality holds for the rotationally symmetric spheres.
INTRODUCTION
It is conjectured that in the Heisenberg group H n isoperimetric regions are the ones enclosed by the one-parameter family S λ of rotationally symmetric spheres of constant mean curvature. Some partial results supporting this conjecture have been recently obtained.
It was proved by G. P. Leonardi and S. Rigot [6] that the solutions to this problem exist and they are bounded, connected open sets. In the last years many authors have tried to adapt to the Heisenberg group different proofs of the classical isoperimetric inequality in Euclidean space. In [8] , [9] and [7] it was shown that there is no a direct counterpart in H 1 to the Brunn-Minkowski inequality in Euclidean space. In fact it is shown that the Carnot-Carathédory balls in H 1 cannot be solutions. Recently, the interest have focused on solving the isoperimetric problem restricted to certain sets with additional symmetries. It was proved by D. Danielli, N. Garofalo and D.-M. Nhieu that the sets bounded by the spherical surfaces S λ are the unique solutions in the class of those sets bounded by two C 1 radial graphs over the xy-plane [4, Theorem 14.6] . In [13] we pointed out that assuming C 2 smoothness and rotationally symmetry of isoperimetric regions, these must be congruent with the spheres S λ . In [12] it is shown that the spheres S λ are the only solutions to the isoperimetric problem in H 1 by merely assuming C 2 regularity of the boundary. Recently, R. Monti and Morbidelly [10] have proved that the spheres S λ are the isoperimetric solutions in the class of Euclidean convex sets in H 1 . A highly recommended monograph is the one by Capogna, Danielli, Pauls and Tyson [2] .
In a recent paper, D. Danielli, N. Garofalo and D.-M. Nhieu [3] have provided a proof of the isoperimetric property of the spheres S λ in the class of sets that are the union of two graphs over a Euclidean disk centered at the origin in the t = 0 hyperplane of H n , and enclosing the same volume above and below such hyperplane.
In these notes we extend in Theorem 3.1 the main result in [3] to any set E with finite perimeter contained in the cylinder C over a disk D centered at the origin in the t = 0 hyperplane and containing the disk. In our proof a calibration argument is used to compare the perimeter of E and its volume. with the one of the sphere S λ inscribed in the cylinder. Then the perimeter of E is compared with the one of the sphere enclosing volume |E|. The equality case is analyzed by considering the characteristic curves in ∂E. The reader should compare our proof with the one by E. Schmidt [14] of the isoperimetric property of balls in the n-dimensional sphere S n in the class of rotationally symmetric sets. This paper is organized into two sections. The background material needed to prove the main result in section 3 appears in section 2.
2. PRELIMINARIES 2.1. The Heisenberg group. The Heisenberg group H n is the Lie group (R 2n+1 , * ), where we consider in R 2n+1 = C n × R the usual differentiable structure and the product
A basis of left-invariant vector fields is given by {X 1 , ..., X n , Y 1 , ..., Y n , T}, where
The only non-trivial bracket relations are
2.2.
The left-invariant metric. We shall consider on H n the left-invariant Riemannian metric g = ·, · for which the basis {X 1 , ..., X n , Y 1 , ..., Y n , T} is orthonormal. The horizontal projection of a vector field U in H n , denoted by U H , is the orthogonal projection of U over H.
The Levi-Civitá connection on (H n , g) is denoted by D. From Koszul formula and the Lie bracket relations we get
, and J(T) = 0, so that J defines a linear isometry when restricted to the horizontal distribution.
The volume V(E) = |E| of a Borel set E ⊂ H n is the Riemannian volume of E with respect to the metric g. The area A(Σ) of a C 1 hypersurface Σ ⊂ H n is defined as
where dΣ is the element of volume induced on Σ by the Riemannian metric g, and N is a locally defined unit vector normal to Σ. For a C 2 hypersurface enclosing a bounded region E, the area coincides with the perimeter |∂E|, which is defined by
where Ω ⊂ H n is an open set.
A set E ⊂ H n is of locally finite perimeter if |∂E|(Ω) < +∞ for all bounded open sets Ω ⊂ H n . It is of finite perimeter if |∂E| := |∂E|(H 1 ) < +∞. We normalize any finite perimeter set E ⊂ H 1 to include its density one points and to exclude its density zero points.
2.3. Hypersurfaces in H n . For a C 1 hypersurface Σ ⊂ H n , the singular set Σ 0 consists of the points for which the tangent hyperplane coincides with the horizontal distribution. The set Σ 0 is closed and has empty interior in Σ, and so the regular set Σ − Σ 0 of Σ is open and dense in Σ. For any p ∈ Σ − Σ 0 , the tangent hyperplane meets transversally the horizontal distribution, and so T p Σ ∩ H p is (2n − 1)-dimensional. We say that Σ is two-sided if there is a globally defined unit vector field normal to Σ. Every C 1 hypersurface is locally two-sided.
Let Σ be a C 2 hypersurface in H n , and N a unit vector normal to Σ. The singular set Σ 0 ⊂ Σ can be described as Σ 0 = {p ∈ Σ ; N H (p) = 0}. In the regular part Σ − Σ 0 , we can define the horizontal unit normal vector ν H by ν H := N H /|N H |. Consider the unit vector field Z on Σ − Σ 0 given by Z := J(ν H ). As Z is horizontal and orthogonal to ν H , it follows that Z is tangent to Σ. The integral curves of Z in Σ − Σ 0 will be called characteristic curves. Characteristic curves foliate the regular part of Σ.
2.4. Mean curvature. Variation formulas. Consider a C 1 vector field U with compact support on H n , and denote by {ϕ t } t∈R the associated group of diffeomorphisms. Let E be a bounded region enclosed by a hypersurface Σ. The families {E t }, {Σ t }, for t small, are the variations of E and Σ induced by U. Let V(t) = |E t | and A(t) = A(Σ t ). We say that the variation is volume-preserving if V ′ (0) = 0. We say that Σ is area-stationary if A ′ (0) = 0 for any variation, and volume-preserving area-stationary if A ′ (0) = 0 for any volume preserving variation.
If Σ is a C 1 hypersurface enclosing a bounded region E, it is well-known that
where u = U, N and N is the unit vector normal to Σ pointing into E.
If Σ is C 2 , and N is a unit vector field normal to Σ, the mean curvature 
We remark that the variation associated to U in the statement of Lemma 2.1 is not assumed to be volume-preserving. From Lemma 2.1 and (2.2) we easily obtain Lemma 2.2. Let Σ ⊂ H n be a C 2 hypersurface enclosing a bounded region E. Assume that Σ is volume-preserving area-stationary, and let H be the mean curvature of Σ. Then Σ is a critical point of the functional A − nHV for any variation.
Let Σ be a two-sided C 2 hypersurface without singular points. We can translate it vertically to get a foliation of the vertical cylinder C over Σ. Denote by N the unit normal to the foliation, and by ν H the horizontal unit normal obtained from N. For any p ∈ C, let {e i } be an orthonormal basis of the leaf passing through p. Then
where u ∈ T p Σ for a given point p ∈ Σ, and {z 1 , . . . , z 2n−1 } is an orthonormal basis of 
2.5. Geodesics in H n . We refer the reader to [13, § 3] for detailed arguments. Geodesics in H n are horizontal curves γ : I → H n which are critical points of the Riemannian length L(γ) := I |γ| for any variation by horizontal curves γ ε . A vector field U along γ induces a variation by horizontal curves if and only if
The derivative of length for such a variation is given by
Observe that Dγγ is orthogonal to bothγ and T. Along γ consider the orthonormal basis of TH n given by T,γ, J(γ), Z 1 , . . ., Z 2n−2 . In the same way as for the case of H 1 , see [12, § 3], we take any smooth f : I → R vanishing at the endpoints of I so that I f = 0. The vector field U along γ so that U H = f J(γ), and U, T = 2 I f , satisfies (2.5). Hence (2.6) allows us to conclude that Dγγ, J(γ) is constant. Now let f : I → R be any smooth function vanishing at the endpoints of I. Then the vector field U = f Z i , for any i = 1, . . . , 2n − 2, satisfies (2.5), and hence Dγγ is orthogonal to Z i for all i = 1, . . . , 2n − 2.
So we obtain that the horizontal geodesic γ : I → H n satisfies the equation
for some constant λ ∈ R. For λ ∈ R, p ∈ H n , and v ∈ T p H n , |v| = 1, the geodesic
The equations of a geodesic can be computed in coordinates in the following way: let
Integrating these equations, for λ = 0, we obtain
which are horizontal Euclidean straight lines in H n .
Integrating, for λ = 0, we obtain
In case x 0 = y 0 = 0, we obtain
and soẋ i ,ẏ i , i = 1, . . . , n, can be expressed in terms of x i , y i in the following waẏ
2.6. The spheres S λ . For any λ > 0, p ∈ H n , consider the hypersurface S λ,p defined by
If p is translated to the point q = (0, −π/(4λ 2 )), then S λ := S λ,q is the union of the graphs associated to the functions f and − f , where
The hypersurface S λ is compact and homeomorphic to a (2n)-dimensional sphere. It has precisely two singular points ±(0, π/(4λ 2 )), called the poles, on the t-axis. In [4] it is shown that S λ is C 2 but not C 3 around the singular points. These hypersurfaces were conjectured to be the (smooth) solutions to the isoperimetric problem in H n by P. Pansu [11] in H 1 . It was proved in [13] that the hypersurfaces S λ are the only compact hypersurfaces of revolution with constant mean curvature λ in H n . We shall denote by B λ the topological closed ball enclosed by S λ . It is well known that the spheres S λ consist of the union of segments of geodesics of curvature λ and length π/λ starting from a given point p ∈ H n .
Lemma 2.3. The characteristic curves in S λ are the geodesics of curvature λ joining the poles.
Proof. Since S ± λ is the graph of the function ± f , the inner unit normal to S λ is proportional to
, and by 
since u has mean zero and div Σ ν H is constant.
To analyze the above integral, we consider open balls B ε (p i ) of radius ε > 0 centered at the points p 1 , . . ., p k of the singular set Σ 0 . By the divergence theorem in Σ, we have, for
where ξ i is the inner unit normal vector to ∂B ε (p i ) in Σ, and d(∂B ε (p i )) is the Riemannian volume element of ∂B ε (p i ). Note also that
where
which is also bounded. So we can apply the dominated convergence theorem and the fact that V 2n−1 (∂B ε (p i )) → 0, when ε → 0, to prove that A ′ (0) = 0. [5] 
H-regular surfaces ([1],
Following [5, def. 6 .1] we say that Σ ⊂ H n is an H-regular hypersurface if, for every p ∈ Σ, there is an open set Ω containing p, and a function f ∈ C 1 H (Ω) such that
From [5, Thm. 6.5], we know that if Σ is an H-regular hypersurface defined locally by a function f ∈ C 1 H (Ω) with nonvanishing horizontal gradient ∇ H f , and we let E := {q ∈ Ω ; f (q) < 0}, then E is a finite perimeter set in Ω and
We have the following Lemma 2.5. Let Σ be an H-regular hypersurface, and let ν H be its horizontal unit normal vector.
Proof. Locally Σ = {p ∈ Ω ; f (p) = 0}, for some open set Ω ⊂ H n , and some f ∈ C 1 H (Ω) with non vanishing horizontal gradient. If γ is an integral curve of
This implies that f • γ is a constant function and, since f (γ(0)) = 0, we have f • γ ≡ 0 in Ω. By the connectedness of I, we conclude that γ(I) ⊂ Σ.
PROOF OF THE ISOPERIMETRIC INEQUALITY
We shall denote by D r := {(z, 0) ; |z| r} the closed Euclidean disk of radius r > 0 contained in the Euclidean hyperplane Π 0 := {t = 0}, and by C r := {(z, t) ; |z| r} the vertical cylinder over D r . The vertical t-axis {(0, t) ; t ∈ R} will be denoted by L. For any set B ⊂ H n , define B + := B ∩ {(z, t) ∈ H n ; t 0}, B − := B ∩ {(z, t) ∈ H n ; t 0}.
We normalize any finite perimeter set E ⊂ H 1 to include its density one points and to exclude density zero points. Proof. It can be easily proved that E + := E ∩ {t 0} is a finite perimeter set. The reduced boundary of E + is given by
Choose two families of functions. For ε > 0 small enough, consider a function ϕ ε depending on the distance to the vertical axis L so that
For ε > 0 large enough, consider a function ψ ε , depending on the distance to the Euclidean hyperplane Π 0 so that
Let λ := 1/r. Then the ball B λ satisfies B λ ∩ Π 0 = D. Translate vertically the closed halfspheres S + λ to get a foliation of C. Let X be the vector field on C − L given by the horizontal unit normal to the leaves of the foliation. By (2.3), on C − L we have div X = −nλ.
We consider the horizontal vector field ψ ε ϕ ε X, which has compact support on H n .
Observe that
by Lebesgue's Dominated Convergence Theorem since ψ ε ϕ ε div X is uniformly bounded and E + has finite volume. On the other hand
since ϕ ε ∇ψ ε , X is bounded and converges pointwise to 0, and
So we conclude
By applying the Divergence Theorem, [5, ] , to the finite perimeter set E + and to the vector field ψ ε ϕ ε X) we have
where N D is the Riemannian unit normal to D pointing into {t > 0}, dD is the Riemannian area element on D, and ν H is the horizontal unit inner normal to ∂ * E. Taking limits when ε → 0 and taking into account (3.2) and inequality X, ν H 1, with equality if and only if, |∂E|-a.e., X = ν H . So we get
with equality if and only if, |∂E|-a.e., X = ν H .
We may now replace E + by B + λ in the previous arguments to obtain (3.4) − nλ |∂B
Hence from (3.3) and (3.4) we obtain (3.5)
with equality if and only if, |∂E|-a.e., X = ν H on {t > 0}.
We consider now the foliation of C by vertical translations of the closed halfspheres S − λ . Let Y the vector field on C − L given by the horizontal unit normal to the leaves of the foliation. By applying the previous argument we get a similar estimate (3.6) 
Since the function ρ → |B ρ | is decreasing and takes its values in the interval (0, +∞), we obtain that f (ρ) is a convex function with exactly one minimum µ for which |E| = |B µ |.
Hence we obtain from (3.7)
which implies (3.1).
Assume now that equality holds in (3.8) and that ∂E is locally lipschitz. For all p ∈ ∂E − L, there is a ball B p ⊂ H n − L and a hyperplane P so that ∂E ∩ B p is the graph of an Euclidean lipschitz function u : π(B p ) → R, where π is the orthogonal projection over P. Assume that ν H is the restriction of a C ∞ vector field defined on H n − L. We claim that ∂E ∩ B p is foliated by integral curves of J(ν H ).
The orthogonal projection of J(ν H ) to P is a lipschitz vector field V on π(B p ). Consider a trajectory α : I → π(B p ) of V, and lift it to a curve β : I → ∂E ∩ B p . Since u is lipschitz and α is C 1 , it follows that β is an absolutely continuous curve. Hence β is differentiable H 1 -almost everywhere and can be reconstructed from its derivative. Assume that q := β(s 0 ) for some s 0 ∈ I and that u is differentiable at π(q). Then β is differentiable at s 0 and the tangent vector β ′ (s 0 ) is the unique vector that projects to dπ p (J((ν H ) p )) and is orthogonal to the normal vector to the graph. Since J(ν H ) q satisfies these conditions we conclude that β ′ (s 0 ) = J(ν H ) q . In case u is differentiable H 1 -almost everywhere on α, as β is absolutely continuous, we deduce that β is an integral curve of J(ν H ). Rademacher's Theorem and an application of Fubini's Theorem show that u is H 1 -almost everywhere differentiable on a dense set of α's. The above arguments and a density reasoning then prove the claim.
For every p ∈ ∂D, consider the integral curve γ p : I p → H n of J(ν H ), where I p is the maximal interval for which γ p is defined. The trace γ(I p ) is contained in ∂E − L. Such a curve is also an integral curve of J(X) in (H n ) + and an integral curve of J(Y) in (H n ) − , and so it is contained in the sphere S µ . In fact, it is part of a characteristic curve of S µ .
It is easy to check that p∈∂D γ p (I p ) = S µ − (S µ ) 0 . This implies that S µ − (S µ ) 0 ⊂ ∂E − L. Hence a connected component of ∂E coincides with S µ . Since |E| = |B µ |, we obtain ∂E = S µ .
Assume now that equality holds in (3.8) and that ∂E is an H-regular hypersurface. Then by Lemma 2.5, the integral curves of J(ν H ) are contained in ∂E − L. Since these curves are also integral curves of J(X) in (H n ) + or of J(Y) on (H n ) − , we reason as the previous case to conclude that ∂E = S µ . Remark 3.2. Roberto Monti has recently obtained a proof of the characterization of equality case by assuming the isoperimetric property and the continuity of the horizontal unit normal.
